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f = a1 + a2x + a3y + a4x2 + a5y2 + a6xy

a1  = 76.5(±0.4)
a2  = 0.281(±0.005) a5  = 6.21(±0.05)E-4

a4  = -1.79(±0.16)E-4

a6  = -7.9(±8.4)E-6

upper

lower

best fit

a3  = 0.220(±0.002)

90% confidence envelopes of a quadratic 
fit to iron atomic absorption data (Ref. 11)

68.3% confidence envelopes for a Legendre 
polynomial fit to simulated nuclear counting 
data (Ref. 12) 

95% confidence envelopes of a cubic fit to 
DNA electrophoresis calibration

Best fit and upper and lower 68.3% confidence 
surfaces for background fluorescence intensities in 
the TLC analysis of aspirin and acetaminophen.

Theory: A geometric depiction and vector analysis  
of the relationship of the gmax(i) to the Δχ2 ellipsoid.  
For notational convenience, we use x, y and z to 
describe variations in the best fit parameters as 
indicated in the figure.

Curve or surface fitting to functions such as (1) or (2) is widely used 
in data analysis.  The computations needed to construct best fit
curves and surfaces can be easily extended to calculate confidence 
envelopes and surfaces for any functions within these classes.  

• Confidence envelopes bound all of the alternative curves which 
might fit a data set within a desired level of confidence.

• Confidence envelopes provide a quick visualization of regions 
where a calibration is well defined or poorly defined.

• Confidence envelopes can be used to estimate detection limits and 
upper ranges of validity in a calibration.

• Confidence envelopes are most commonly used in straight line fits.  
This poster shows how to construct them for many other cases.
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The necessary matrix computations are readily carried out in a 
spreadsheet environment as well as by standard computer 
procedures, and they are simple extensions of the computations 
already required for a best fit determination.

Changes in (1) due to changes in the parameters away from  their
best fit values are given by:

This 3D ellipsoid is defined by Δχ2 = 3.53 and simulates a 
68.3% joint confidence surface for 3 parameters.  The triangular
gmax plane is tangent to the ellipsoid at (xg, yg, zg) = (1.89, 1.34, 
0.59).  The white vector eminates from the tangent point and is 
normal to both the plane and the ellipsoid.  The gradient of the g
plane family is given by:

1 1 2 2 3 3( ) ( ) ( ) ( ) ( ) ...   (3)i i i i ig x f x a X x a X x a X xδ δ δ δ= = + + +

It can be shown that the confidence envelope equations
are then given by:
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X (5)

Fe concentration μg/mL 
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f = a1 + a2x + a3x2

a1 =  -8.6(±0.3)E-4
a2 =  9.37(±0.01)E-2

a3 =  -1.890(±0.003)E-3
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f = a1 + a2x + a3x2 + a4x3 

a2 = -1.33(±0.18)E-2
a3 =  6.61(±1.67)E-5
a4 = -1.78(±0.43)E-7
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a1 =  3.99(±0.04)
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Δχ2 =  3.53 (68.3%)

f = a1P0 + a2P2 +a3P4

a1  = 907(±15)

a3  = 194(±38)

a2  = 260(±30)
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Using equation (2) for the background 
surface fits, and replacing Xi with Qi in
(4) And (5), the equation (5) parameters
are given by:

and

(4)

1 2
, (p n pF pF α χ−
−≡ ≈ Δ     for large data sets).

The vector (L) and the matrix (X) are given by:
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And the ellipsoid gradient at the tangent point is parallel to 
the g plane gradient, so that:

A matrix analysis of the latter equation leads to equation (4)
where

1aδ =

2aδ=

3aδ=
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